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ABSTRACT 

Non-homogeneous binary quadratic equation representing hyperbola given by 71478 222  kkyx
is 

analyzed for its non-zero distinct integer solutions. A few interesting relations among its solutions are presented. 

Also, knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbola and 

parabola are presented. Also, employing the solutions of the given equation, special Pythagorean triangle is 

constructed. 
 

Keywords: Binary quadratic, Hyperbola, Parabola, Integral solutions, Pell equation. 

 

I. INTRODUCTION 
 

The binary quadratic Diophantine equations of the form 
)0,,(,22  cbaNbyax

 are rich in variety and have 

been analyzed by many mathematicians for their respective integer solutions for particular values of 
ba,

and .N  In 
this context, one may refer [1-18]. 

 

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary 

quadratic equation given by, 
71478 222  kkyx

 representing hyperbola. A few interesting relations 

among  its solutions are presented. Knowing an integral solution of the given hyperbola, integer solutions for other 

choices of hyperbolas and parabolas are presented. Also, employing the solutions of the given equation, special 

Pythagorean triangle is constructed. 

 

II. METHOD OF ANALYSIS 
 
The Diophantine equation representing the binary quadratic equation to be solved for its non- zero distinct integral 

solution is  

                                                           
71478 222  kkyx

                                                                          (1) 

Introduce the linear transformation  

                                                            
TXyTXx 8,7 

                                                                           (2) 

From (1) & (2) we have  

                                                         71456 222  kkTX                                                                           (3) 

whose smallest positive integer solution is  

1,7 00  TkX
 

To obtain the other solutions of (3), consider the pell equation, 

                                                               156 22  TX                                                                                           (4) 

whose smallest positive integer solution is  
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The general solution of (4) is given by, 

nnnn gTfX
144

1~
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Applying Brahmagupta lemma between 
),( 00 yx

 and 
)~,~( nn yx

 the other integer solutions of (1) are given by, 

nnn

nnn

gkfky

gkfkx

)1128(14)302(144

)1057(14)282(144

1

1









 

The recurrence relations satisfied by x  and 
y

 are given by, 

030

030

321

321









nnn

nnn

yyy

xxx

 

Some numerical examples of  x  and 
y

 satisfying (1) are given in the table 1 below. 

 
Table 1: Numerical examples 

n  
nx

 ny
 

0 14k  15k  

1 42029 k  44931 k  

2 12586869 k  13455929 k  

3 3771602604 k  40320127839 k  

 
From the above table, we observe some interesting relations among the solutions which are presented below: 

If k  is odd, nx
 is odd and ny

 is even. 

If k  is even, nx
 is even and ny

 is odd. 

Each of the following expressions is a nasty number. 

)]714(12)906()2694186[(
714

1 2

32222



 kkxkxk

kk
nn

 

)]714(60)15()13455929[(
)714(5

1 2

42222



 kkxkxk

kk
nn

 

)]714(12)126084()134496[(
714

1 2

22222



 kkykxk

kk
nn

 

)]714(60)42028()13440928[(
)714(5

1 2

32222



 kkykxk

kk
nn
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)]714(5388)126084()120825683424[(
)714(449

1 2

42222



 kkykxk

kk
nn

 

)]714(84)188581302()56511039018[(
)714(7

1 2

42322



 kkxkxk

kk
nn

 

)]714(60)12572868()44832[(
)714(5

1 2

22322



 kkykxk

kk
nn

 

)]714(12)377162604()403202784[(
714

1 2

32322



 kkykxk

kk
nn

 

)]714(60)12572868()40275227808[(
)714(5

1 2

42322



 kkykxk

kk
nn

 

)]714(5388)113022078036()134496[(
)714(449

1 2

22422



 kkykxk

kk
nn

 

)]714(60)37674026012()13440928[(
)714(5

1 2

32422



 kkykxk

kk
nn

 

)]714(12)75348052024()80550483424[(
714

1 2

42422



 kkykxk

kk
nn

 

)]714(12)2520174()846[(
714

1 2

22322



 kkykyk

kk
nn

 

)]714(60)12586869()14[(
)714(5

1 2

22422



 kkykyk

kk
nn

 

)]714(12)755165214()2520174[(
714

1 2

32422



 kkykyk

kk
nn

 
 

 

Each of the following expressions is a cubical integer: 

])453()134793()15()44931[(
714

1
2143332  


nnnn xkxkxkxk

kk  

])453(

)403652787()15()13455929[(
)714(30

1

3

153332










n

nnn

xk

xkxkxk
kk

 

])63042()67248()21014()22416[(
714

1
1133332  


nnnn ykxkykxk

kk  

])63042(

)201601392()21014()6720464[(
)714(15

1

2

143332
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])63042(

)60412841712()21014()20137613904[(
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1
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Each of the following expressions is a biquadratic integer: 
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Each of the following expressions is a quintic integer: 
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Relations satisfied by the solutions are as follows: 

123 30   nnn xxx
. 

121 1514   nnn xxy
 

122 1514   nnn xxy
 

123 1544914   nnn xxy
 

131 449420   nnn xxy
 

13216   nnn xxy
 

133 449420   nnn xxy
 

112 1514   nnn yxy
 

113 449480   nnn yxy
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123 28   nnn xyx
 

121 1615   nnn xyy
 

213 4491615   nnn yxy
 

231 4491514   nnn xxy
 

233 1514   nnn xxy
 

232 1514   nnn xxy
 

122 1615   nnn yxy
 

123 32   nnn yxy
 

223 1516   nnn yxy
 

132 1516449   nnn yxy
 

133 480449   nnn yxy
 

233 1615   nnn yxy
 

123 30   nnn yyy
 

 

Remarkable Observations: 
Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbola which are presented in the table 2 below: 

 
Table 2: Hyperbolas 

S.No: Hyperbola ),( YX
 

1) 2222 )714(2827  kkYX
 

])84058()282(

,)15()44931[(

12

21









nn

nn

xkxk

xkxk

 
2) 2222 )714(20160056  kkYX

 

])1006886952()1128(

,)15()13455929[(

13

31









nn

nn

xkxk

xkxk

 
3) 2222 )714(414  kkYX

 

])604()564(

,)21014()22416[(

11

11









nn

nn

xkyk

ykxk

 
4) 2222 )714(90014  kkYX

 

])1796124()564(

,)21014()6720464[(

12

21









nn

nn

xkyk

ykxk

 
5) 2222 )714(80640414  kkYX

 

])538203716()564(

,)21014()20137613904[(

13

31









nn

nn

xkyk

ykxk

 
6) 2222 )714(19614  kkYX

 

])251721738()84058(

,)3143217()941856503[(

23

32









nn

nn

xkxk

xkxk

 
7) 2222 )714(90014  kkYX

 

])604()1680116(

,)6286434()22416[(

21

12









nn

nn

xkyk

ykxk

 



 
[Mallika, 6(4): April 2019]                                                                                                    ISSN 2348 – 8034 
DOI- 10.5281/zenodo.2640807                                                                                  Impact Factor- 5.070 

    (C)Global Journal Of Engineering Science And Researches 

 

176 

8) 2222 )714(414  kkYX
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Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

parabola which are presented in the table 3 below: 
 

Table 3: Parabolas 

S.NO: Parabola ),( YX
 

1) 2222 )714(9814)714(49  kkYXkk  
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3) 2222 )714(214)714(  kkYXkk  
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4) 2222 )714(45014)714(15  kkYXkk  

])1796124()564(
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5) 2222 )714(40320214)714(449  kkYXkk
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6) 2222 )714(9814)714(7  kkYXkk  
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8) 2222 )714(214)714(  kkYXkk  

])1796124()1680116(

,)6286434()6720464[(

22

3232









nn

nn

xkyk

ykxk

 
9) 2222 )714(45014)714(15  kkYXkk  

])538203716()1680116(

,)6286434()20137613904[(

23

4232









nn

nn

xkyk

ykxk
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Consider 
., 111   nnn xqyxp
 Note that 

.0 qp
 Treat 

qp,
 as the generators of the Pythagorean 

triangle 
),,( ZYXT

 where 
.,,2 2222 qpZqpYpqX 
 

Then the following results are obtained: 

.0)714(347 2  kkZYX
 

.
2

11  nn yx
P

A

 
)(3 YZ 

 is a nasty number. 

)
4

(3
P

A
X 

 is a nasty number. 

 

III. CONCLUSION  
 

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by 

hyperbola is given by 
71478 222  kkyx

. As the binary quadratic Diophantine equations are rich in 

variety, one may search for the other choices of equations and determine their integer solutions along with suitable 

properties. 
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